We demonstrate that matter-wave solitary pulses formed from Bose condensed atoms moving inside optical lattices continuously radiate dispersive matter waves with prescribed momentum. Our analytical results for the radiation parameters and the soliton decay rate are found to be in excellent agreement with numerical modeling performed for experimentally relevant parameters. DOI: 10.1103 [3] [4] [5] . The idea of changing the dispersion sign and of the possible observation of the bright matter-wave solitons in the condensates with repulsive interatomic interaction has been around for a while, see [6] and references therein, and more theoretical results have been produced recently, see, e.g., [7] [8] [9] , in the view of the rapid maturing of the experimental techniques [3] [4] [5] . The concept of the dispersion control by periodic potentials is also well-known in solid-state physics [10] and a very active topic of research in nonlinear optics; see, e.g., [11] .
Recent observations of matter-wave solitons [1, 2] have clearly been among the most breaking achievements in the burgeoning field of Bose-Einstein condensation of dilute atomic gases. Balance between the spatial dispersion of matter waves and repulsive or attractive interatomic interactions ensures the existence of dark [1] or bright [2] solitons, respectively. Dispersion of the atomic condensates can, however, be reversed by embedding the condensate into a periodic potential created by standing light waves, i.e., optical lattice [3] [4] [5] . The idea of changing the dispersion sign and of the possible observation of the bright matter-wave solitons in the condensates with repulsive interatomic interaction has been around for a while, see [6] and references therein, and more theoretical results have been produced recently, see, e.g., [7] [8] [9] , in the view of the rapid maturing of the experimental techniques [3] [4] [5] . The concept of the dispersion control by periodic potentials is also well-known in solid-state physics [10] and a very active topic of research in nonlinear optics; see, e.g., [11] .
To understand the initial motivation which leads to the results described below, it is instructive to recall the effect of the transition radiation known from classical electrodynamics [12] . Transition radiation is a continuous emission of electromagnetic waves by a charged particle moving with a constant velocity in a spatially inhomogeneous medium. This radiation is emitted because the field created by the particle has different characteristics in different parts of the medium. When the particle moves, the field reorganizes itself continuously and shakes off some of its parts in the form of radiation. We expect that similar phenomenon should take place with matter-wave solitons in optical lattices.
In order to change the dispersion sign of matter waves forming the initially resting one-dimensional packet embedded into the optical lattice, one needs to position it in momentum space somewhere between the inflexion point of the energy momentum, i.e., dispersion, characteristic and the edge of the Brillouin zone; see Fig. 1(a) [13] . Only exactly at the edge of the zone does the group velocity go to zero. Solitons with a spread of quasimomenta centered at the edge will therefore be the only resting bright solitons in the condensates with repulsive interatomic interaction. Our primary interest below is, however, moving solitons. Once a solitonic wave packet moves through the periodic potential one can expect that its structure will not be able to instantly readjust itself to perfectly fit the conditions that the local density maxima are positioned at the center of the local potential minima. Thus, by analogy with electromagnetic transition radiation, we expect that the moving soliton will continuously shake off some of its pieces emitting dispersive matter waves.
We start our analysis from the Gross-Pitaevskii (GP) equation describing evolution of the macroscopic wave function of the zero-temperature Bose-Einstein condensate (BEC) interacting with off-resonant standing light wave. We assume that the condensate is tightly confined by the external harmonic potential along the Y and Z directions having the trap frequencies ! Y;Z 2 400 s ÿ1 and that any deviations of the potential along the X axis from the sin 2 k l X produced by the intensity of the standing laser field with wave number k l can be disregarded. We take for our estimates that k l 2= 800 nm ÿ1 and consider BEC made of 87 Rb atoms with a two-body scattering length a ' 5:4 10 ÿ9 m. The characteristic transverse width of this BEC is then given by w h=m! Y p ' 0:5 m. Assuming that the condensate profile along the Y; Z directions is given by the lowest mode of the harmonic potential, we can derive the onedimensional GP equation, which describes dynamics of the X dependent part of the full wave function. The dimensionless normalized form of this equation is [8] i@ t ÿ@
Here the dimensionless time t and spatial coordinate x are measured, respectively, in units of T 0 2m= hk 2 l ' 5 10 ÿ5 s and 1=k l ' 0:13 m. The meaning of the dimensionless parameter is easily inferred from the expression for the lattice potential in the physical units, which is taken as 4E r sin 2 k l X, where E r h 2 k 2 l =2m ' h 20 kHz is the recoil energy. To estimate the number of atoms N in the condensate we introduce the effective area in the Y; Z plane, A eff 2w 2 ' 1:5 m 2 , and the atom density n ' 10 14 cm
We proceed by expanding over the Bloch functions, bx; k [10] : x; t R dk~ k; tbx; k. Here bx; k are eigenfunctions of the operatorL L @ 2
x cos2x, such thatL Lb ÿkb, where k is the quasimomentum introduced as bx; k gx; ke ixk [10] , k is the energy of the noninteracting, i.e., linear, matter waves, and gx; k is the function with the spatial period . The first allowed, first forbidden (gap) and a small part of the second allowed energy bands are shown in the energymomentum plot in Fig. 1 
(a).
Choosing k k s 2 ÿ1; 1, we expand gx; k in a Taylor series around k k s and demonstrate that
Here, Ax; t
whereÊ
is the energy operator. Subscript ''s'' refers to quantities and functions calculated for k k s .
After substitution of Eqs. (2) and (3) 
sgn sgn s ÿsgn 00 s , and Þ 0 is the nonlinearity induced energy shift. Details of the derivation of the NLS equation from Eq. (1) have been previously published using the method of multiple scales [14] . Approximations made above and in [14] imply that has a sufficiently narrow spread of quasimomenta around k k s . However, the approach introduced here is readily adaptable to give an access to the small amplitude corrections having quasimomenta detuned far from k s ; see Eqs. (8) and (9) below. Note here that mobile envelope solitons (4) are very different in their properties from practically immobile solitons occupying primarily one or few lattice sites and considered, e.g., in [8] .
To introduce the effect studied and explained in this work, we first present the results of numerical modeling of Eq. (1) with initial conditions in the form g s xR s xe ik s x for values of k s 2 k 0 ; 1, 00 k 0 0, ensuring that the effective mass, 1= 00 s , is negative; see Fig. 1(a) . Taking k s 1, i.e., fixing soliton parameters at the point corresponding to the zero of the group velocity, we observe formation of the ideal solitary pulse [7] . The Fourier spectrum of this solution contains series of the equidistant peaks, the location of which is determined by the spectrum of the corresponding Bloch function bx; k s 1. Note that the wave numbers q, parametrizing the Fourier transform of , R dq~ qe iqx , are linked with quasimomenta k as q k 2n. Here and below n 0; 1; 2; . . . numbers the Brillouin zones. For values of k s Þ 1 we have observed the quasisolitonic pulses, which, while traveling, leave behind the trail of small amplitude radiation, Fig. 2(a) . The radiation effect becomes noticeably stronger for k s ! k 0 . Spectra of the radiating solitons have a distinct peak, see Fig. 2 
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260402-2 moving through the optical lattice continuously emit radiation with certain spectrally localized quasimomenta. By analogy with the electromagnetic case we term this radiation as transition radiation of matter waves.
The initial conditions used above in the form of the sech envelope superimposed on the Bloch function g s xe ik s x are difficult, though probably not impossible to prepare in the real experiments. However, current experimental techniques allow straightforward preparation of the Gaussian matter wave packets with spectrum centered around the zero quasimomentum and setting lattices in motion. The lattice moving with velocity 2k s will then effectively shift the central momentum of the wave packet to k s . 2k s equals to the group velocity of the free, i.e., without the lattice, matter waves with quasimomentum k s . In turn, the backward scattering of matter waves from the moving lattice is expected to create the second strong and other peaks in the spectrum of the wave packet. The results of modeling of Eq. (1) To understand and give an analytical interpretation of the observed radiation we develop a perturbative approach, allowing us to predict quasimomenta and the amplitude of the emitted wave and, thereby, allowing an estimate of the decay rate of a solitary pulse. To proceed we form the ansatz
where the first term approximates the solitonic part of the wave function, s g s xA s ; te ik s x , and the second one is an arbitrary perturbation. Substituting (5) into (1) and assuming that j'j is small we find that evolution of ' is governed by
where Sx; t ÿi@ t s ÿL L s j s j 2 s is the source term, which is different from zero because s is not an exact solution of Eq. (1).
The structure of the radiation tail observed in the numerical modeling corresponds to the spatially extended lattice eigenmode. The natural mechanism for excitation of a selected eigenmode from the continuum is the energy and wave-number resonance with one Fourier component of the source term S. The resonance condition ensures that there exists a lattice mode which is always in phase and therefore interferes constructively with one Fourier component of the source term. The latter can be represented in the form S e ik s xÿi s tÿit P j h j xf j , where the sum is taken over all the terms appearing on the right-hand side after substitution of the explicit expression for the soliton and h j x are some functions with a period of . 
The geometrical meaning of Eq. (7) is clear. The righthand side of (7) equals the energy of the Fourier component of the soliton (4), while its left-hand side is simply the energy of the linear dispersive wave. Equation (7) can be solved for q r by plotting the tangent line to the periodically extended dispersion characteristic at the point s . Then one should make the parallel up-shift of this tangent by and find points of the intersection with the dispersion characteristic itself. Topologically it is selfevident that only resting solitons do not produce any real roots of Eq. (7) and do not radiate into the lattice modes. For 0 s Þ 0 Eq. (7) has infinitely many real roots corresponding to different values of n. Root q r for n 0, i.e., when q r k r , as a function of k s is shown in Fig. 1(b) . Dots on this graph show k r ; k s pairs measured from the direct numerical modeling of Eq. (1). Modeling of Eq. (1) has not revealed any resonances in the Brillouin zones with n Þ 0. It indicates that coupling into the higherorder resonances is negligible, primarily because spectral strength of the source term is very weak for the values of Q r with n Þ 0. Note that the secondary less intense spectral peaks, seen in Figs. 2(b) and 2(d), are described by the peaks in the Fourier spectra of bx; k r;s and are given by q r;s k r;s 2n. At the same time, multiple roots of Eq. (7) are not linked by any simple algebraic expression. In order to calculate the amplitude of the radiated wave we form the ansatz ' s x; ; t g r xe ik r xÿi r t Wt; ; (8) where subscript ''r'' refers to the quantities calculated at k k r . Substituting (8) Substituting the ansatz (8) into the conservation law @ t R dxj j 2 0, we can estimate the rate, , of the transfer of particles from the soliton to the radiation: C 2 j 0 s ÿ 0 r j. The plot of log 10 vs k s for two values of is shown in Fig. 3(a) . Naturally, the rate of transfer increases, when detuning jk r ÿ k s j decreases for k s ! k 0 ; see Fig. 1(b) . This is because for k s ! k 0 the lattice mode is resonant with the most intense central part of the soliton spectrum. To the contrary, jk r ÿ k s j increases for k s ! 1, and the radiation amplitude decays almost exponentially. For example, semianalytical Eq. (10) gives that the initial condition with k s 0:87 used to generate Fig. 2 has the initial decay rate 3 10 4 particles per second. Providing that this rate is constant in time, the soliton lifetime would be '0:033 s. However, radiation carries away both density and momentum from the solitonic part of the field. Therefore solitonic parameters and k s are, in fact, functions of time. In particular, we have found that the radiation results in convergence of the soliton quasimomentum to some limit value, which is always closer to 1 than the initial k s . Thus, radiation emission slows the soliton. For example, taking initial conditions with 0:01 and k s 0:87 we have observed that over 0.05 s (1000 dimensionless time units) k s shifts to '0:887, see Fig. 3(b) , and to ' 0:006. The relatively small increase of k s is accompanied by the decrease of the soliton decay rate, which drops, accordingly with plots shown in Fig. 3(a) , from 3 10 4 to ' 10 2 particles per second. Correspondingly, the estimated soliton lifetime increases dramatically to ' 10 s. Figure 3 (b) also shows the numerically computed slowdown in the growth of the number of particles in the radiation component of the condensate. The soliton decay rate inferred from these data and corresponding theoretical points calculated for instant values of the soliton parameters and k s are in good agreement, see inset in Fig. 3(b) , which confirms the validity of our theoretical method.
In summary, we have reported transition radiation by matter-wave solitons moving through the optical lattice. This effect extends the family of the already known and related quantum radiative effects, such as sound emission by precessing quantized vortices [15] and by dark matterwave solitons oscillating in a harmonic trap [16] . Note also that our main conclusions and techniques can be used to predict and analyze radiation by optical solitons in nonlinear photonic crystals [11] .
